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1 Introduction 

Let B" be the unit ball in the complex space C". Write Rat{M'^,M^) for the space of 
proper rational holomorphic maps from B" into B^ and Poly{M'^, B^) for the set of proper 
polynomial holomorphic maps from B" into B^. We say that F and G G i?at(B"',B^) are 
equivalent if there are automorphisms a G Aut{M"') and r G Aut{M^) such that F = roGoa. 

Proper rational holomorphic maps from B" into B^ with N < 2n — 2 are equivalent to 
the identity map ([Fa] [Hu]). In [HJX], it is shown that F G i?at(B",B^) with N <3n-A is 
equivalent to a quadratic monomial map, called the D'Angelo map. However, when the codi- 
mension is sufficiently large, there are a plenty of rooms to construct rational holomorphic 
maps with certain arbitrariness by the work in Catlin-D'Angelo [CD]. Hence, it is reasonable 
to believe that after lifting the codimension restriction, many proper rational holomorphic 
maps are not equivalent to polynomial proper holomorphic maps. In the last paragraph of 
the paper [DA], D'Angelo gave a philosophic discussion on this matter. However, explicit 
examples of proper rational holomorphic maps, that are not equivalent to polynomial proper 
holomorphic maps, do not seem to exist in the literature. And the problem of determining 
if an explicit proper rational holomorphic map is equivalent to a poljTiomial holomorphic 
map does not seem to have been studied so far. 

This short paper is concerned with such a problem. We will first give an explicit criterion 
when a rational holomorphic map is equivalent to a polynomial holomorphic map. Making 
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use of this criterion, we construct rational holomorphic maps of degree 3 that are 'almost' 
linear but are not equivalent to polynomial holomorphic maps. On the other hand, with 
the help of the classification result in |C JX] . our criterion is used in this paper to show 
that any proper rational holomorphic map from into B^ of degree two is equivalent to a 
polynomial holomorphic map. 

Acknowledgment: Part of our work was done when the authors were participating the 
AIM workshop on Complexity of Mappings in CR Geometry in 2006. The authors would like 
to thank J. D Angelo and P. Ebenfelt for the invitation and the AIM for having provided to 
them a stimulating working environment. The second author would like to thank J. Faran 
for several stimulating discussions related to the topics of this paper. The third author 
would also like to thank F. Meylan for some discussions related to the paper. 

2 A criterion 

Let F = ^ = '^-^i'--^'-^^^ be a rational holomorphic map from the unit ball B" C C" 
into the unit ball B^ C C^, where {Pj)jLi, q are polynomial holomorphic functions and 
(Pi, P/v, g) = 1. We define deg(F) = max{deg{Pj)jLi,deg{q)}. Then F induces a ratio- 
nal map from CP" into CP^ given by 

F{[zi : ... : Zn : t]) = 

where z = {zi, Zn) E C"- and deg(F) = k. 

F may not be holomorphic in general. For instance, we have the following: 

Example 2.1 

I. Let F0{z,w) = {z,cos6 w,sin6 zw,sin9 w"^) be the proper monomial map from B^ into 
B^ (called the DAngelo map), where < 9 < ^. Then the pole of Fg consists of one point: 
{[z:w:t\ \w = 0, t = 0} = { [1 : : 0]}. 

II. Let Ga = {z^, + cos'^a zw, cosa w^, sina w) be the proper monomial map from B^ 
into B^ where < a < |. Then Ga induces 

Ga = [z"^ '■ Vl + cos'^a zw : cosa w"^ : sina wt : t^]. 
There is no pole for Ga- Hence Ga is holomorphic. 

Write B^ = {[zi : ... : z^ : t] e CP" | Yl%i kiP < I^P}' which is the projectivization of 
B". Write U{n + 1,1) for the collection of the linear transforms A such that 

AEn+i^lA = En+1,1 
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where 

'In 



En+1,1 



-1 



Then U{n + 1, l)/{±Id} = AutiM^) ^ Auti) 



Lemma 2.1 For any hyperplane H C CP" with flB" = 0, there is a a E U{n+ 1, 1) such 
thata{H)=H^ = {[zi : ... : : 0]}. 

Proof: Assume that H : J2]=i(^j^j ~ CLn+it = with a = (ai, a„+i) 7^ 0. Under the 
assumption that fl B" = 0, we have a„+i 7^ 0. Without loss of generahty, we can assume 
a„+i = 1. Let U he an n X n unitary matrix such that 

(ai, ...,an)U = (A,0, ...,0). 

Let • Then a{H) = {[z : t] G CP" \Xzi-t = 0} with |A| < 1. Let T e AMt(B") 

be defined by 

with = {z2, Then T G f/(n + 1, 1) is defined by 



T{[z : t]) = [zi - At : VI - I^P^' : t - Xzi]. 

Then T o a maps to //qo- D 

Our criterion can be stated as follows: 

Theorem 2.2 Let F G i?at(B",B^). T/ien F is equivalent to a proper polynomial holo- 
morphic map from B" to B ^ if and only if there exist hyperplanes H C CP" and H' C CP^ 
such that if n If = 0, i/' n if = and 

F{H) C H', F(CP"\iJ) C CF^\H'. 

Proof: If F is a polynomial holomorphic map, then F = with deg{F) = k. Let 

H = and H' = H'^. Then they satisfy the property defined in the lemma. 

If F is equivalent to a polynomial holomorphic map G, then there exist a G U{n + 
1, 1), f eU{n + 1, 1) such that F = foGoa. Let H = a-^{H^) and H' = f{H^). Then 
they are the desired ones. 

Conversely, suppose that F, H and H' are as in the theorem. By Lemma 12. ![ we can 
find a G U{n + 1, 1) and f G U{n + 1, 1) such that a{H) = and t{H') = H'^. Let 
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Q = f o F o a ^. Then Q induces a proper rational holomorphic map Q from into B^. 
If Q = ^ where (P, q) = I and deg{Q) = k, then 

Q = [t'Pij) ■■ t'q{"-)]. 

Suppose that q ^ constant. Let zq G be such that q{zo) = 0. Notice that Q{Hoo) C 
H'^ and Q(CP"\i/oo) C CP^\/f^. However t'=g(f ) = for t = 1. Hence, Q{\zo : 1]) C H'^. 
That gives a contradiction. □ 

Write the Cayley transformation 

( 2z' l + izn\ 

Pn{z ,Zn)= [ — , — . 

Then p„ biholomorphically maps dW" to 9B"\{(0, 1)}. p„ induces a hnear transformation 
of CP": 

Pn = [2z' -.t + iZn-t- iZn] ■ 

Pn maps = {[z : t] e CP" | Si^^ > \z'\^} to B^ 

Now let G be a CR map from dW^ to dM.'^ . Then p^ o G o p~^ extends to a proper 
rational holomorphic map from B" to B^. Then, Theorem 12.21 can be restated as: 

Theorem 2.3 pn ° G o is equivalent to a polynomial holomorphic map if and only if 
there are H C CP", H' C CP^ such that G{H) C H' and G-\H') C H with 

i/nsf = 0, if'nsf = 0. 

3 proper rational holomorphic maps from into 
of degree two 

As a first application of Theorem 2.2, we prove the following: 

Theorem 3.1 A map F G -Rat(B^,B^) of degree two is equivalent to a polynomial proper 
holomorphic map in Po/?/(B^, B^). 

Proof: By |H JX] . we know that any rational holomorphic map of degree 2 from B^ into B^ is 
equivalent to a map of the form {G, 0), where the map G is from B^ into B^. Hence, to prove 
Theorem 3.1, we need only to assume that N = 5. After applying a Cayley transformation 
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and using the result in |CJXj . we can assume that F = (/, 0i, 02, 03, g) is from into 
with either 

(I) 

Z + ^ZW Z^ ^ CiZW ^ ^ w 

J = VI = 9^ (P2 = ^, 03 = 0, g 



1+62^2' 1 + 6214^^' 1 + 62^2' ' 1 + 62^^ 



where —62 = \ + c\ and ci > or 
(11) 



z + {^ + iei)zw z^ 

1 + teiw + 62^^ 1 + zeiw + 62^^ 



n g 



1 + ieiw + e2w'^' 1 + ieiw + e2w'^^ 1 + ieiw + 62^^ 

where — ei, —62 > 0, ci, C3 > and 

6162 = C3, -ei - 62 = ^ + cl- 

Write [z : w : t] for the homogeneous coordinates of CP^, then in Case (I) it induces a 
meromorphic map F : CP^ CP^ given by 

F{[z:w: t]) = [tz + ^zw : z'^ : Cizw : : tw: + CsW^] y[z : w: t] e CP^ 

and in Case (II), it induces a meromorphic map F : CP^ CP^ given by 

: w : t]) = [t^; + (- + iei)zw : z^ : C\zw : CsW^ : + ie\'uP' : + ie\wt + 62^^] 

V[z : w : t] e CP2. 

In terms of Theorem 2.3, we will look for H = {—t = ^iZi + ^2^2} C CP^ and H' = {—f = 
Ei=i ^i^j} C CP5 such that i/nSf = 0, iJ'nSf = with 

F(if) C H' and F~\H') C if. 
We next prove the following lemma: 

Lemma 3.2 Let H = {-t = ^J^^ KjZj} C CP". T/ien H nS^ = $ if and only if 

n-l 

453(ir„) + 5^ |ir,f < 0. 
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Proof: Suppose for Zj and t — — Yl^=i ^j^ji have 



wt — tw v4 , 



Here we identify Zn = w. We then get 



— Kn\w\ + Kn\w\ —KiZjW + KjZiW v-^ , ,9 



2i ^ 2i 



■J I • 



Hence 



\w 



or 



n— 1 19 \ n— 1 



{9(A-„)+x:^)<i:i%-f- 



|2 



Since {zj, w} are independent variables, this can only happen if and only if 



n-l 
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This proves the lemma. □ 

We remark that for the map F as defined above, if H and H' are hyperplanes sitting in 
CP^ and CP^, respectively, such that 

n = 0, n = 0, F{H) C H', F-\H') C H, 

then if and if' have to be defined, respectively, by equations of the form: 

5 

H : —t = HiZ + /X2'u;, H' : —t' = -^i^j- 
Indeed, if ii' = {T^Ui ^i^'j = 



y[z : w : t] G CP2. 

Wc notice that A5 7^ 0; otherwise i/'fl Sf 7^ 0. We thus get = 0. This would immediately 
give a contradiction. Similarly, if H = {fiiz + fj,2W = 0}, then it follows that H' is defined 
t'Y {Sj=i -^i^j = 0}- ^^^o reach a contradiction. 

Summarizing the above, we have: 

Case (I) We need only to find out //i, /i2, Ai, A5 e C such that 

4 

4^J(//2) + |/iir<0, 4S(A5) +5^|A,f < 

and 

Ai(i2; + ^zty) + As^;^ + AgCiZ^w + As^w + (i^ + egw^) ^{t + ^iz + ^iw)'^ y[z : w: t] e CP^. 

It is easy to verify that Ai = A2 = A3 = A4 = /^i = 0, A5 = —2^\e2\i and = —\/\^2\i 
satisfy the above conditions. Hence in case (I), the map is always equivalent to a polynomial 
holomorphic map. 

Case (II) Similar to case (I), we need to find out //i, //2, Ai, A5 e C such that 

4 

49(/i2) + |/ii|'<0, 43(A5) + J]|A,f <0 

and 

\\{tz + i(- + e])zw) + A22;^ + \-iCxZW + X^C'^vP' + A5(ii(; + iciw'^) 
+ ieitw + 62^^) = + + [iiwf, Vfz : w : e CP^. 

Comparing the coefficients, we get 

Ai = 2/xi, A2 = /ii, A3 = — + 2ei)/xi + 2/ii/i2], 

Cl 

A4 = — (At2 - ^2 - 2iei//2 - Cl), A5 = 2/^2 - «ei. 

C3 

In sum, we obtain the following statement: 
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Pjsi o F o p^^ is equivalent to a polynomial holomorphic map if and only if there are 
PiiP'i e C such that 4SJ(//2) + < and that 

-4ei + 8»(/X2) + 4|/xi|2 + \px\^ + \\2piP2 - «(! + 2ei)/Xi|2 + \\pl - 62 - - 2ieip2\^ < 0. 

Ci C3 

We will look for pi and 112 with pi — and /i2 = (?/ < 0). 

To prove that o F o p~^ is equivalent to a polynomial holomorphic map, it suffices for 
us to show that there exists y < such that 

-4ei + 8y + ^(-y' - 62 - + 2eiy)' < 0, 
^3 

or 

J(t/) := (-4ei + 8y)eie2 + (|/^ - 2eiy + + es)^ = {Sy - 4ei)eie2 + ((y - eif + 62)^ < 0. 
Notice that as a function in y < 0, 

lim J(y) = +00, J(0) = (e? - 62)^ > 0. 

2/-*— 00 



We need to show that 



min J{y) < 0. 

y<0 



Notice that J'{y) = 86162 + 4((y - 61)^ + 62)(?/ - 61). Setting J'{y) = 0, we get 

{y - 6i)3 + e2{y - 61) + 26162 = 0. 
J'(y) = thus has a root yo G (—00, 0); for 

lim J'{y) = -00, J'(0) = 4{-el + 6162) > 0. 

Let Co, Ci) C2 be the solution of 

+ e2C + 2ei62 = with Co = Z/o - ei- 

Then Co + Ci + C2 = 0, CoCi + C0C2 + C1C2 = 62 and C0C1C2 = -2eie2. Hence Co = -Ci - C2- 
We get 

-Co + C1C2 = 62, 
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or C1C2 = 62 + Co > and 

1 Co 



C1C2 2eie2 

In particular, G M\{0}. 

Now J(yo) = V4ei+8Co+8ei)eie2 + (Co'+e2)' = 2eie2(4Co+2ei) + (CiC2)' = -CiCiC2(4Co + 
2ei) + (CiC2)^ 

Notice that 4Co = —86162 — 462Co- We see that 

2^1627^^^ = 26162 + Co(4Co + 2Cl) = 26162 - 86162 - 462Co + 26iCo' 

= -66162 - 4e2Co + 2eiCo = -2e2(3ei + 2Co) + 2eiCo. 

Since Co = l/o — ^i < — ei, 3ei + 2Co < ei < 0. Therefore ^^^^^jj 26162 < 0. Here we showed 
that J{yo) < 0. This completes the proof of Theorem 3.1. □ 

Our proof of Theorem 3.1 is, in fact, a constructive proof, which can be used to find 
precisely the polynomial holomorphic maps equivalent to the original ones. In the following, 
we demonstrate this by giving an explicit example: 

Example 3.3 Let F = (/, 0i, 02, 03, g') : ^ be defined as follows: 

z — ~ ZVJ 

f{z,w) = ■ ^ 1 ^ , (t>i{z,w) = : 

1 — IW — otf^ 1 — IW — 



V3^„2 • „2 



12^"" , , , -V^W , , W — IW 



2{z,w) = : 03(^,w) = ^ g{z,w) = 



\ — IW — ^W^ \ — IW — ^W^ \ — IW — ^w^ 

It is equivalent to the proper polynomial holomorphic map G from into B^: 
G(z, w) = [^{-2 + 4. + .^), -^(1 + . + z% ^(5 + 3.)^, ^w\ ^i(l - . 

Proof: In fact, for the map F given above, 61 = —1, 62 = —|, Ci = \J~^i = "x- Pro^i 
the proof of Theorem 3.1, F{H) = H' where H C CP^, H' C CP^ are defined by 

. w i 

H :t ^ -yoiw, or — ^ —, 
t Vo 

H' :t' = -X4Z4 - X^w', or - - Xq^ = 1. 

V V 



Here ?/o < is a solution for {yo + if - |(?/o + 1) + f = 0, A4 = ^[-(2/0 - ei)^ - 62 



(2/0-61)^+62 



and A5 = 2iyo — eii. Therefore yo = —2, A4 = — ^ and A5 = Si. Thus we see 



that 



TT T W 1 

H : t = 2tw, or — = — , 
t 2i 



H':t' 



2 



z', + 3iw' or 



2 z\ ^ "iiw' 



1. 



Consider F := p^oFop^ ^ : ^ where pj are the corresponding Cayley transformations. 
An easy computation shows that the projectivization of F, denoted by F, is as follows: 



and 



;z(3t + w) : 2^^ : 2%\^^z{t - w) : -^|-^(^ " 

: + lOtw + w^) : ^(13t^ - 2tw + vo^) 



1 



E := p2(i/) : ^ = 3«^, 

if' = P5(^') : i!:' = + 
D 2 

Clearly, we have H C CP^ and E' C CP^ satisfying the property that ^nB^ 
and 

F(^) c R\ F{C¥\H) c C¥^\H'. 
According to Lemma 12.1^ let 



H'nMl 



ai{[z : w -.t]) 
cr2{[z[ : Z2 : z'^ : z'^ : w' : t']) 



'2^2 t z 

w : z -\ — : t -\ — 

3 3 3 

^(4 + VSw') - : ^(w' - V34) 

Vq Vq Vq , Vs, / , 

: Zi : Z2 : z-i : r (Za + Vow 

3 3 3 6^^ ' 



then (Ji G U{3, 1) and 0"2 G f/(6, 1) with (Ti(ifoo) = H and d-2{H') = H'^. The desired proper 
polynomial holomorphic map G is thus given by o"2 o F o (ji. □ 
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Remcirk 3.4: It may be interesting to notice that the map G in Example 3.3 does not 
preserve the origin and does not equivalent to a map of the form (G",0). We do not know 
other examples of polynomial proper holomorphic maps between balls of this type. 



4 Non-polynomially equivalent proper rational holo- 
morphic maps 

In this section, we apply Theorem 2.2 to construct examples of rational holomorphic maps 
which are not equivalent to polynomial holomorphic maps. 

Example 4.1: Let G{z, w) = ^z"^, \f2zw, w'^{j^, "^il^] "' )^ , |a| < 1, be a map in Rat{M'^, 

B"^). Then G is equivalent to a proper polynomial holomorphic map in Poly{M'^,'E'^) if and 
only if a = 0. 

Proof: Indeed, we have 



{t — az)z'^ : {t — az)\/2z'w : 'uP{z — at) : liP^Jl — |apw : {t^ — at^ 



z 



Suppose there exist hyperplanes H = {fiiZi+ fi2W + l2ot = 0} C and H' = {^^^i ^jZ- + 

Xot' = 0} C such that i/nSf = 0, H'nSf = and F{H) C H', F{CF'^\H) C CP^\ii"'. 
Then 

Xi{t — az)z^ + A2(t — az)\/2zw + \^w'^{z — at) + \w'^\/l — \a\'^w 
+Ao(i^ - at^z) = (//i^ + + not)^ \/[z:w:t\e CP^. 

Apparently Aq 7^ 0. Hence we can assume that \q — 1, — 1. Therefore by comparing the 
coefficients we get 



Hi = —a\i, = X^yl — \a\^, 3/i2 = 0, 3/ii = 
3/^1 = Ai, 6/^1/^2 = \/2A2, 3/^1 = A3 = 0. 

We then have Ai = A2 = A3 = A4 = //i = //2 = 0. Moreover, the above equality can only 
hold when a — 0. By Theorem 2.2, we see the conclusion. □ 

Example 4.2: Let F{z',w) = ^z' ,wz' ,w^{ '^]Z^^j^ — , f^)^ with \a\ < 1 be a map in 
i?ai(B'*, B^"~^). Then F has geometric rank 1 and is linear along each hyperplane defined by 
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w = constant. F is equivalent to a proper polynomial holomorphic map in Poly{W^, B^" ^) 
if and only if a = 0. 

Proof: The projectivization of F is 

F = [tz'{t - aw) : twz' : w'^^Jl - \a\^z' •.w'^{w- at) •.t^{t- aw)] . 

Assume a 7^ and suppose there exist hyperplanes H C CP" and H' C CP^""^ such that 
// n Sf = 0, //' n Sf-^ = and F{H) C H' , F(CP"\i/) C CP3"-2\i/'. Then 

)^^tz' {t — aw) + X'2twz' + X'^w^ \/\ — \a^z! + \nW^ [w — at) + Aot^ [t — aw) = {not + jji'z' + Unw)^ 

for some A'^, A2, A3, e C""^ and A„, Aq, //q, A*n £ C. 

Then Aq = /^q 7^ 0- thus can assume at the beginning that Aq = /i = 1. 

Since there are no terms like z^{j < n) in the left hand side, we conclude that /i' — 0. Thus 

we get 

XnW^{w — at) + — aw) = {t + fXnW)^. 

Therefore —a = 3/x„, — A„a = A„ = /^^ or /x„ = — | and /in = — f • This contradicts the 
assumption that < |ap < 1. □ 



References 

[CD] D. Catlin and J. D'Angelo, A stabilization theorem, for Hermitian forms and applica- 
tions to holomorphic mappings, Math Research Letters, 3(1996), 149-166. 

[CJX] Z. Chen, S. Ji and D. Xu, Rational holomorphic maps from into B-^ with degree 
2. Science in China, 49(2006), 1504-1522. 

[DA] J. P. D'Angelo, Proper rational mappings, Proceedings of the Mittag-LefHer Institute on 
Several Complex Variables, Mathematical Notes 38(1993), Princeton University Press, 
Princeton, New Jersey, 227-244. 

[Fa] J. Faran, The linearity of proper holomorphic maps between balls in the low codimension 
case, J. Diff. Geom. 24(1986), 15-17. 

[Hu] X. Huang, On a linearity problem of proper holomorphic mappings between balls in 
complex spaces of different dimensions, J. Diff. Geom. 51(1999), 13-33. 



12 



[HJX] X. Huang, S. Ji and D. Xu, A new gap phenomenon for proper holomorphic mappings 
from B'^ to B^, Math Research Letter, 3(2006), no. 4, 509-523. 

Xiaojun Huang, huangx@math.rutgers.edu. School of Mathematics, Wuhan Univer- 
sity, Hubei 430072, China; and Department of Mathematics, Rutgers University, New 
Brunswick, NJ 08903, USA. 

Shanyu Ji, shanyuji@math.uh.edu. School of Mathematics, Wuhan University, Hubei 
430072, China; and Department of Mathematics, University of Houston, Houston, TX 
77204, USA. 

Yuan Zhang, yuanz@math.rutgers.edu. Department of Mathematics, Rutgers Univer- 
sity, New Brunswick, NJ 08903, USA. 



13 



